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Orthogonal Square Root Eigenfactor
Parameterization of Mass Matrices

John L. Junkins* and Hanspeter Schaub’
Texas A&M University, College Station, Texas 77843-3141

An improved method is presented to parameterize a smoothly time varying, symmetric, positive definite system
mass matrix M(¢) in terms of the instantaneous eigenfactors, namely, the eigenvalues and eigenvectors of M(¢).
Differential equations are desired whose solutions generate the instantaneous spectral decomposition of M(¢). The
derivation makes use of the fact that the eigenvector matrix is orthogonal and, thus, evolves analogously to a higher-
dimensional rotation matrix. Careful attention is given to cases where some eigenvalues and/or their derivatives
are equal or near equal. A robust method is presented to approximate the corresponding eigenvector derivatives
in these cases, which ensures that the resulting eigenvectors still diagonalize the instantaneous M(t) matrix. This
method is also capable of handling the rare case of discontinuous eigenvectors, which may only occur if both the
corresponding eigenvalues and their derivatives are equal.

I. Introduction

OST multibody dynamical systems such as multilink robots

have configuration-dependent mass matrices. This depen-
dency makes the mass matrix vary with time. Solving such dy-
namical systems involves performing an inverse of the system mass
matrix at each integration step. Finding this inverse is computation-
ally difficult and expensive for large systems. Furthermore, stan-
dard inverse and linear equations solution techniques are not easily
parallelizable and, therefore, cannot take full advantage of modern
parallel computing systems.

A methodisintroducedthat parameterizesthe symmetric, positive
definite mass matrix in terms of its eigenfactors, i.e., eigenvectors
and eigenvalues. Instead of forward integrating the original mass
matrix differential equation directly, only the eigenfactors them-
selves are forward integrated. The resulting formulation is one that
could be easily implemented on a massively parallel computer sys-
tem. A paper by Oshman and Bar-Itzhack! introduces an important
orthogonal square root eigenfactor parameterization to solve the
differential matrix Riccati equation. However, some details of their
treatmentof equal or near-equaleigenvalues were found to be incor-
rect, and the case of discontinuous eigenvectors was not accounted
for. This paper provides an approximate treatment of the near-equal
eigenvaluecase and an associated error analysis where the symmet-
ric, positive definite matrix parameterizedis a state-dependentmass
matrix M (x,t).

Eigenfactor derivatives have been discussed in the literature for
quite some time, but they are mostly used to establish modal sen-
sitivities and not to derive eigenfactor differential equations>> A
majority of the engineering literature on eigenfactor derivatives is
for the general structural eigenvalue problem (K — A; M)y, 0.
This paper deals with the problem where we need to find the eigen-
factors and their derivatives for given continuous matrices M (x, )
and M (x, x, t). Inasmuch as M is symmetric, its eigenvectormatrix
is guaranteed to be orthogonal and, thus, behave analogously to a
higher-dimensional rotation direction cosine matrix.*3 This anal-
ogy is the starting point for a simple derivation of the eigenfactor
derivatives. Except for repeated eigenvalues, for smooth M (x, t),
we anticipate continuous differentiable eigenfactors.
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When repeated eigenvaluesare present, there are often numerical
problems associated with calculating the eigenvector derivatives.
The literature usually deals with the case where M and M are given
and one needs to solve for the eigenfactor derivatives®~® A sim-
ple method is presented that usually allows the eigenvectors to be
smoothly integrated from a differentialequation, even including the
case of repeated eigenvalues, thus avoiding having to solve an alge-
braic eigenvalue problem again.

Repeated eigenvalues for mass matrices are common in mechan-
ics, e.g., principal axes for mass matrices and stress tensors. We note
that, if the objective is to find a diagonalizing transformation, then
near-repeated eigenvalues only indicate a loss of uniqueness of the
eigenvectors. For many purposes uniqueness is not required, and
any set of orthogonal eigenvectors that span a unique subspace is
admissible. This is the approach realized in the present paper when
eigenvectorslose theiruniquenessfor near-repeatedeigenvalues;we
seek to generate admissible orthogonal eigenvectors that span the
correctsubspaceto within acceptableprecision. This line of thinking
is easily implemented for solving the algebraic eigenvalue problem
for a given constant matrix; however, generating the time varying
instantaneous eigensolution by solving differential equations gov-
erning the eigenfactorsis a more challenging task that is addressed.

II. Problem Statement
Any real, symmetric, positive definite matrix M of dimension
n x n can be decomposed into n positive real eigenvalues A; and n
orthogonal eigenvectorsc;:

M = CTAC (1
where A = diag(};) and C is defined as
C=ley,....c,)" )

The evolution of the C eigenvector matrix is completely analogous
to the time variation of an orthogonal direction cosine attitude ma-
trix. Because M is symmetric and positive definite, the eigenvector
matrix C is guaranteed to be orthogonal:
c'c=cct=1 3)
and the eigenvalues will always be positive. Thus, we can always
define 5; = +/A; and the corresponding matrix S = diag(s;). This
allows M to be written as
M=CTSTSC=wTw 4)
where W = SC is a matrix square root of M. Therefore, keeping
track of C and S is equivalent to a square root algorithm with all of
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the associatednumerical robustnessadvantages.! Note that, because
s;, A; > 0, the matrix inverse of M is trivial:

M~'=CT's7*C %)

Let x be a continuous system state vector satisfying the second-
order dynamical differential equation

Mx)x = F(x,x,u) (6)

where u is a control vector. Any discontinuity in # can only di-
rectly affect ¥ and not x or x. Therefore, the matrices M (x) and
M (x, x, t) are continuous. Note that complete algebraic expressions
for M (x) and M (x, x, t) are usually available for dynamical systems.

III. Eigenfactor Derivatives

The fact that the eigenvector matrix C that parameterizes a sym-
metric matrix M is always orthogonalwill be centralin the following
derivationof the eigenfactorderivatives.Itis known that a smoothly
varying n X n orthogonal matrix C (¢) satisfies the same Poisson dif-

ferential equation as does the attitude direction cosine matrix>-10-!!
¢ =-[QIC @)
where [€2] is a skew-symmetric matrix,
0 Q. Qi
[Q] =1 —Qn 0 Q0 ®

—Q13 —Q03 0

For the case of attitude direction cosine matrices, these £2;; terms
representbody angular velocities. This conceptof angular velocities
lifts to the case of higher-dimensional orthogonal matrices. Instead
of being body angular velocities, here the €2;; terms can be viewed
as eigenvectorangular velocities. Each ©;; term gives a measure of
the rate that the two eigenvectorsc; and c; are rotating in the plane
spanned by these two vectors.

The problem of finding eigenvector derivatives has now been
reduced to one of finding the 2;; terms. Taking the first derivative
of Eq. (1), we obtain

M =C'AC+C"AC+CTAC ©)
Aftermakinguse of Eq. (7) and defining the symmetric & matrix to be
& =[Q]A — A[Q] (10)
Eq. (9) is reduced to
M=CTE+ A)C (11)
The & matrix can be shown to be
& = Qi —X) (12)

Note that, because the diagonal terms of & are zero and A is a diag-
onal matrix, these two matrices projected through C split up the M
matrix into diagonal and off-diagonal terms. It turns out that the di-
agonal terms lead to the eigenvalue derivatives and the off-diagonal
terms leads to the angular velocity terms required to determine the
eigenvector derivatives from Eq. (7). Let the matrix u be

w=CMCT (13)
Using Eq. (12), this is rewritten as

p=&+A (14)
which can be component-wise expressed as

Qll()“l —)\.l) for i 75]
Kij =7 S

15
Ai for i (13)

Note that Eq. (15) must always hold, even in the presence of re-
peated eigenvalues. Also, as long as 2;; is bounded, then p;; must
go to zero as A; — A;. From here it is trivial to express €;; as'>*
ij
— A

Q=
] )\-j

for i # X (16)

or in terms of the square roots of the eigenvaluesas

Q= % for s £S5 a7)
If M is a system mass matrix, then it is positive definite and all
of its eigenvalues are positive. Therefore, the square roots of the
eigenvalues will always be defined and real. At first glance it might
appear that 2;; will go to infinity when A; — A ;. However, this is
generally not the case, as will be shown in the next section.

Had an eigenvectormatrix V = CT been used instead to param-
eterize M in Eq. (1), then V would have also been orthogonal and
abidedby the same differentialequationas in Eq. (7) with a different

[ 2] matrix,
V=—[Q]V (18)

However, finding this (2] matrix is more difficult and can only be
achieved through a coordinate transformation of the [€2] matrix

Q]=-v[QIvT (19)

In rotationaldynamics, this would be analogous to writing the body
angular velocity matrix in the inertial frame. This is why the current
developmentuses C instead of V.

Expressions for A; are found directly from Eq. (15):

j‘i =pi =Ty (20)

where I' = diag(u;;). Because s; = /A;, the derivative of s; is

|
=

).\,I‘Si_l (21)

)\.l)\. =

S = i

o=
o=

or in matrix form"*

§=1irs! (22)
Note that calculating sl._l is always possible because for symmetric,
positive definite matrices all eigenvalues are always positive.

It turns out that by far the largest computational effort in eval-
uating C and S is finding the p;; = ¢/ Mc; terms. However, this
inner product operation lends itself perfectly to be performed on a
massively parallel computer system where all of the p;; terms could
be calculated independently in parallel. By contrast, direct matrix
inverse methods do not lend themselves easily to be calculated on
parallel systems.

IV. Repeated Eigenvalues
A. Distinct Eigenvalue Derivatives

Clearly, mathematical problems arise computing £2;; using
Eq. (16) or (17) when A; — A;. Whenever A; = };, the associated
eigenvectorsc; and ¢; that parameterize M are not unique. Any two
orthogonal unit vectors in the plane spanned by ¢; and ¢; would
generate the proper M matrix. However, the eigenfactors not only
have to generate the proper M matrix, but they and their derivatives
also need to generate the proper continuous M matrix. This leads to
the following proposition about the continuity of ¢; and ¢; of any
continuous matrix M through the point where the eigenvalues X;
and A; are equal.

Proposition 1: Let M be a continuous matrix with a continuous
derivative M, and let A; and A; be repeated eigenvalues of M with
distinct derivatives A; # A ;- Then the associated eigenvectors will
be continuous and unique through the condition where A; = ;.

Proof: To prove this proposition, let us write M as!?

M= "NE, (23)
where E; is defined as the outer product

E; =cc! (24)

The matrix M can now be written as

M= Z()}iEi +ME) (25)

i=1
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Without loss of generality, we can assume that only the first two
eigenvalues A; and A, are repeated. Let us define E;; as

EijZEi+Ej (26)

then we can rewrite M as

M =3B 4B+ En+ Y LE+1LE) QD)

i=3

Because M must be continuous, ¢, and ¢, cannot be discontinuous
because the eigenvalue derivatives A, and A, are distinct. a
Proposition 1 leads to the following two corollaries regarding the
boundedness of €2;; for the case where the matrix M is symmetric.
Corollary 1: Assume M and M are continuous and symmetric.
Whenever A; — A; and A; # A;, then ;; /> F00.

Proof: If Q;; would go to £00 as A; — A; in Eq. (16) or (17),
then it would be impossible for ¢; and ¢; to be continuous through
the point where A; = A ;, which would contradictProposition1. O

Corollary 1 shows that an assumption made in Ref. 1 is generally
not true. There it is assumed that, whenever A; — A;, Q;; — £o0.
The magnitude of 2;; is used to check whether two eigenvalues are
very close. However, for the case of repeated eigenvalues having
distincteigenvaluederivatives, Corollary 1 shows that this is not the
case. )

Corollary 2: Assume M and M are continuous and symmetric.
Whenever A; — A; and A; # A, then p;; — 0.

Proof: Because Eq. (15) must hold for all time and €2;; must be
bounded whenever A; — A; and Xi s ij, then p;; must go to
Zero. O

From Corollaries 1 and 2 itis clear thatany difficultiesin calculat-
ing ;; forrepeated eigenvalues with distincteigenvaluederivatives
are purely numerical problems. Numerical simulationsindicate that
itisusuallyeasy to calculate ©2;; in the neighborhoodof two repeated
eigenvaluesas long as the valuesin the matrix M are notexcessively
large. In fact, Mills-Curran’ shows that, at the instant where A; = Aj
and A; # A;, a term analogous to ;; can be calculated using the
distinct eigenvalue derivatives:

CI.T ML'I'
2(A; — Ap)

However, thisexpressionis not validin the neighborhoodof repeated
eigenvalues. In a numerical simulation one usually does not have
exact repeated eigenvalues. To avoid numerical problems of calcu-
lating the angular velocity terms in the neighborhood of repeated
eigenvalues,an approximationis introduced." Assume €;; is known
at time step 4. Then £2;; at time step #; > f; is approximated as

Mij

P for A =Xl > €
Qi) = o
Q;; (to) + ;5 (1) (81 — 1) for [ =4l <e
(29)

In other words, the ;; term is approximated linearly for as long as
[A; —A;| < €. This approximationis valid for any continuous, sym-
metric matrix M with a continuousderivative. The derivative Qi ()
can be found numerically through a backward difference method.
For the presentdiscussion we ignore the error in approximating £2;.

Proposition 2: Let the matrices M and M be continuous and
symmetric. Assume that |A; — A;| < € and that |A; — A;[ > € over
the time span [t,, #,]; then the €;; approximation in Eq. (29) will
introduce an errorin M of the order of €.

Proof: Without loss of generality, let us assume that only the X,
and A, are within € to being repeated eigenvalues:

Ay =A| +€ (30)

Let M be the exact derivative obtained from the true [€2;;] matrix
and M be the approximated derivative due to the approximated L2;;
terms using Eq. (29). The errorin M is given as

AM = M(A,C,[Q]) — M(A, C,[Q]) (31)

A (1)

£
lz I I t’

A (D)

Fig.1 Repeated eigenvalue illustration.

After using Egs. (7), (24), and (25), AM can be expressed as
AM = eAle(clczT +c2c1T) (32)

The time span At = t, — t;, where |A; — A,| < €, can be estimated
as follows. Let ¢, be the time where the eigenvaluedifferenceis less
than € and 7, the time where the difference grows larger again than
e.Ifitis assumed that |A; — A,| > €, then A; and A, can be assumed
to be near linear between #; and ¢, as shown in Fig. 1. The time A?
is approximately related to the difference in eigenvalues e through

2¢
)‘\.1 _).\.2

At~ (33)

During the interval [#, 1], Q,, is linearly extrapolated. Because
Q;; /> oo as A; — A; for distinct eigenvalue derivatives, ;; (%)
can be written as a Taylor series about #:

Qi () = Qjl, + Qij'tl At + %Qiﬂtl Af* 4+ O(AP) (34)
The approximationg;; is simply a first-order truncation of Eq. (34):
Q,;(t) = il + Qujl, At (35)

Assuming that the third- and higher-order derivatives of ), are
small compared to €2,, the largest A2, likely to be encountered
would be of the order

AQyp >~ %le(tl)Atz + O(AP) (36)
Using Egs. (33) and (36), AM can be approximated as

. 3Q,(t
AM =~ .1—2@)2(61627 +L’2£’1T) (37)
(A1 —22)

which is of order €*. If there are m pairs of eigenvalues within € of
each other, then the total error in AM would be the sum of all m
correspondingerrors, as shown in Eq. (37), and also be of order €.

a

Reference 1 presents a similar approximation of €2;; as is shown
in Eq. (29). However, there ;; is simply set to zero whenever A,
and A; are sensed to be very close numerically. Following a similar
error analysis as was just done, it can be shown that setting €2;; to
zero results in an error in M of the order of €. )

Note that the approximation of €2;; only directly affects M. The
actual error in M in a numerical simulation would be related to the
type of numerical integration used. The preceding analysis ignores
the error implicit in approximating €2;;. If this approximationis not
valid to order €, then an error AM would still be of order €2. This
error analysis will always break down whenever the corresponding
eigenvalue derivatives lose their distinctness. This situation will be
discussed in the following section.

B. Equal Eigenvalue Derivatives
The error AM introduced through the approximationin Eq. (29)
is more difficult to estimate wheneverboth A; = A; and A; = A;.
However, it is possible to give a conservative error estimate for M.
Proposition 3: The continuous, symmetric matrix M is assumed
to have a continuousderivative.Let [A; —A;| < eand |A; — A, <€
during the time period [f, t,]. Then at t,, where the eigenvalues
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start to differ again by more than €, the error in M introduced by
the approximation in Eq. (29) will be no more than of order €.

Proof: Without loss of generality, assume that only the first two
eigenvectors are close, i.e., |A; — Az| < €. The time period [#,, #5]
spans the time where both eigenvalues and eigenvalue derivatives
are almost equal. At worst the A; and X, would differ by e:

Ay =A| +€ (38)

Equation (23) can be written as

M=}~1E12+€E2+ZliEi (39)

i=3

For this case the approximation in Eq. (29) only affects ,,. Note
that this €2, term controlsthe rotational speed of the ¢, and ¢, eigen-
vectors in the plane spanned by the two. Equation (39) shows that
whenever there are nearly repeated eigenvalues, then the subspace
spanned by the correspondingeigenvectorsis important, not the in-
dividual eigenvectors themselves. Therefore approximating €2, as
in Eq. (29) will lead to an error in M of the order of € as long as
A — Aol <e. a

Note that, if the eigenvectors remain continuous during [, #,],
then no further modifications need be done after time #,. However,
whenever the eigenvalues and eigenvalue derivatives are equal, it is
possible for the eigenvectorsto be discontinuous.Let the two integer
sets R~ and R™ be defined as

R ={1.2.....r) (40)
Rt ={r+1,r+2,...,n} 41)

Proposition 4: Let M be a continuous symmetric matrix with a
continuous derivative M. Assume M has r repeated eigenvalues,
which have equal derivatives. Then if ¢; (i € R™) is discontinuous,
then €2;, is either discontinuous or zero for every p € RT.

Proof: Using Egs. (7) and (24), we can express E; as

Ei = — ZQI‘/(C/("I'T +L’l‘(55-) i 75] (42)

j=1

Without loss of generality, let the first r eigenvalues be repeated.
Then E; _, is defined as

E,_,=E +---+E, (43)

Because the first r eigenvalues and their derivatives are equal,
Eq. (25) can be written as

M=00E _, +0E 4+ Y ME +E; (44

j=r+1

Because M is continuous, the right-handside of Eq. (44) also would
have to be continuous whenever any eigenvectors were discontin-
uous. By definition the subspace E _, is invariant to any instanta-
neous change of base eigenvectors. However, the terms £, _, and
E; need further investigation. Using Eq. (42), E; _, can be reduced
to

E _, = —Z Z Qi,(c,cl.T +ciclT.) (45)

i=1j=r+1

where the fact was used that Q;; = —Q;;. As expected, no ;;
terms relating the eigenvectors of two repeated eigenvalues appear
nkE, _,. )

The only possibility for E, _, to be invariant to any discontinuity
in¢; (i € R7)is for Q;, to be either discontinuousor zero for every
p € R*. Studying Eq. (42), the same can be said for E;. a

Note that the eigenvector derivatives c; (i € R7) could be any-
thingaslongasA; = A; and; = A; (i, j € R™) (Ref. 6). However,
as soon as eitherthe eigenvaluesor their derivativesbecome distinct,

the corresponding eigenvectors and derivatives are uniquely deter-
mined again. If the eigenvectors are erroneously continuously for-
ward integrated, then the corresponding C matrix would no longer
diagonalizethe current M (x) matrix. What is needed is a method to
rotate the two eigenvectors within the plane spanned by them such
that they once again diagonalize the mass matrix.

V. Stabilization Using the Jacobi Method

No matter what method we use, and regardless of whether nearly
repeated eigenvalueshave been encountered, numerical integration
errors degrade the accuracy of the eigenvector matrix C. Without
further adjustments, the errors will accumulateand C will no longer
properly diagonalizethe currentmass matrix M (x, ¢). These adjust-
ments are particularly desirable during periods when the £2;; terms
are only being approximated and to handle cases of discontinuous
eigenvectors.

We introduce a stabilization method based on the Jacobi
method."* The Jacobi method has been used for over a century be-
cause of its simplicity and stability. It finds the eigenvalues and
eigenvectors of a symmetric matrix M by pre- and postmultiplying
it by successive orthogonal rotation matrices P;, as will be briefly
outlined."

Let P; be the ith rotation matrix and A; be the matrix obtained
after pre- and postmultiplying M by the first kK P; matrices:

Pl PTPIMPyP, - P, = Ay (46)

As k — oo, the matrix A; becomes diagonal with its entries being
the eigenvaluesof M. The eigenvectormatrix C as defined in Eq. (1)
is approximated at the kth step as

c=p---P'P/ (47)

The orthogonal rotation matrix P, , ; is defined such that the i, jth
entry of Ay is zeroed. The matrix Py ;| is a diagonal matrix with the
ith and jth diagonal elements being cos#. The only two nonzero
off-diagonal elements are the i, jth element being —siné and the
J, ith element being sin 6. The rotation angle 6 is defined as

1 2A};
f == arctan ———— (48)
2 i = Ajj
if the diagonal elements are distinct or as
0 =m/4 (49)

if the diagonal elements are equal. Once the off-diagonal elements
are small in magnitude, the procedure is shown to have quadratic
convergence.* Thus, for the near diagonal mass matrix, we expect
very rapid convergence.

In the eigenfactor mass matrix parameterization method pre-
sented in this paper, we already have a close approximation C of the
eigenvector matrix C:

CMCT = A, (50)

Because the numerical integration is not perfect, or because some
Q;; terms are only being approximated, the A, matrix may not
be exactly diagonal. To cancel the first off-diagonal element, the
rotation matrix P; is constructed and operated on AU:

PIAGP, = A, (51)

This processis then repeated for each of the remaining off-diagonal
elements. Assuming the matrix has k significant off-diagonal ele-
ments, the adjusted eigenvectormatrix C,q becomes

Cu=Pl - PIC (52)

Note that each P,C update does not involve a full matrix multipli-
cation. Actually only two eigenvectors are linearly combined, i.e.,
rotated, to form the new eigenvectors.

If no eigenvector discontinuity had occurred, then it was shown
earlier that the error due to approximating 2;; would be of the order
of €3 for the case of distinct eigenvalue derivatives and at least of
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ordere for the case of repeated eigenvaluederivatives.Ineither case,
the off-diagonalterms of A would be very small before introducing
Jacobirotations. A Jacobisweep refersto the process of sequentially
zeroing each off-diagonal element. Inasmuch as the Jacobi method
has quadratic convergence and the off-diagonal terms are of order
€’ or smaller to begin with, one Jacobi sweep will suffice to cancel
any diagonalizingerror to order €° of the C matrix, typically within
machine accuracy for that particular integration step.

This Jacobi sweep should be used whenever two eigenvalues are
near equal and ;; terms are being approximated. Performing the
approximations without the Jacobi sweeps was usually found to
be stable for a single eigenvalue crossing. However, for repeated
cases of near-equal eigenvalue events, the errors accumulate and
drive the integrationunstable in some simulations. Performing these
Jacobi sweeps ensures that the current C and A matrices satisfy the
necessary condition that they diagonalize the current mass matrix
M (x) to ahigh degree of approximationand stabilize the integration
process.

For the case of repeated eigenvalues, there is an infinite choice
of eigenvectorsthat will diagonalize M. It was shown that for non-
repeated eigenvalue derivatives there is a unique choice of eigen-
vectors that will generate the proper M matrix. The Jacobi method
will only correct C such that it diagonalizes M without any regard
to consistency with M. Therefore, small residual state errors can
still be expected to accumulate even after the Jacobi sweep. How-
ever, numerical studies showed that the Jacobi sweeps dramatically
improve the accuracy and the long-term stability of the orthogonal
square root eigenfactor parameterization.

If eigenvaluesand their derivatives are equal, it was shown earlier
that it is possible for the eigenvectors to be discontinuous. During
the integration, discontinuouseigenvectors will cause rapidly grow-
ing off-diagonal terms of the A, matrix if no furtheraction is taken.
However, performing a Jacobi sweep after each integration step
where near-equal eigenvalues occur automatically rotates the two
correspondingeigenvectorssuch that they again diagonalizethe cur-
rent M (x, t) to within machine precision. Therefore, discontinuous
eigenvectors are handled with the same Jacobi sweep process used
to ensure long-term stability; this effectively restarts the solution
whenever a discontinuity is passed.

During the periods where no eigenvaluesare close to being equal
(the common case), it is not necessary to performa Jacobi sweep af-
ter each integration step. Numerical studies showed that performing
it after each integrationstep caused a slightly larger long-term error
than simply performing it periodically due to an increased number
of arithmetic operations. At present we have no rigorous means to
choose the frequency to perform Jacobi sweeps, but a wide set of
admissible choices appears to exist.

VI. Results

A preliminary study of the orthogonal square root eigenfactor
parameterization of a mass matrix was performed on the three-link
system shown in Fig. 2. The system was chosen to have a low
number of degrees of freedom to simplify the analysis of the method.
Also, because the system is conservative, the total system energy E

Fig.2 Three-link manipulator system.

remains constant, and this integral of motion provides a convenient
way of measuring the current solution error.

All masses and rods are set to unit weight and length, and the
system is initially at rest. Initial total energy E(0) = 1.11355. The
spring constant K is 0.2. The initial orientation angles are 6, =
—90 deg, 6, = —30 deg, and 63 = 0 deg. The forward integration
is performed with a variable step size Runge-Kutta method. The
classic fourth-order Runge-Kutta method is the primary integrator,
which is compared to a third-order Runge-Kutta method. If the
difference in states between the two integration methods does not
lie between two thresholds, then the integration step size is either
scaled up or scaled down. In all simulation runs the high-accuracy
thresholdis always set to 0.015 times the low-accuracythreshold. To
compare two eigenvector matrices, the Frobenius norm is used. To
compare solutions based on two different integrations, the average
integrationstep size 1 isused. Assuming that the simulationinvolved
n integration steps /;, then / is defined as

=iy (53)

t
I izo

The norm of the total energy error is defined as
1 ("
||AE||L1(0_tfzm)= t_/ |AE|dt (54)
rJo

The resulting eigenvalue time evolution for up to 20 s is shown in
Fig. 3. The eigenvalues A, and A; become very close at certain times
yet are never exactly equal. It appears as though they repel from each
other in the last moment and change directions. This phenomenon
of eigenvaluenear misses is discussed by Arnoldin Appendix 10 of
Ref. 15. We note that this is but one eigenvalueencounterpathology;
for more general problems, the eigenvalues can indeed cross. For
the single-parametersystem mass matrix M (t), it is very unusual to
encounter repeated eigenvalues, but it is not impossible. A two-link
manipulator can be configured such that the eigenvaluesdo periodi-
cally become equal. If the manipulator chain is allowed to fork, then
it is also possible for eigenvalues to become equal. However, in all
physical systems studied so far, no system was found that exhibited
crossing eigenvalues A; and A ; and that had nonzero corresponding
Q;; terms. If the eigenvalues actually crossed, then their relative
eigenaxis angular velocity was always found to be zero. Although
this pattern has been consistently observed, no claims are made that
this will occur for all physical systems.

To track the rapid eigenvalue changes near A, ~ A;, a variable
stepsize integrationmethodis essential. Every time these two eigen-
values become very close, something interesting happens to corre-
spondingeigenvectors. Away from a near eigenvalue encounter, the
eigenvectors oscillate normally, as is seen in their angular velocity
measures £2;; in Fig. 4. However, every close approach of A, and
A3 causes the correspondingeigenvectoraxes to switch places. This
switching is seen as a clear spike in the €2,3 time history in Fig. 4.

The following integrationerror studies were performed with € set
small enough such that €2;; never invoked the linear approximation
of Eq. (29). Just the standard S and C equations are used. Case 1 is
a simulation where no Jacobi sweeps are performed. This is essen-
tially the same as using the method as proposedin Ref. 1. Case 2 is a
simulation where a Jacobisweep is performed after each integration
step, and in case 3 the Jacobi sweep is performed only periodically

Eigenvalues

time [s]

Fig.3 Mass matrix eigenvalue time history.
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after each seventh integration step. The time history of the total en-
ergy error for the first 100 s is shown in Fig. 5. For each simulation
the integration accuracy threshold was 107, which resulted in an
average step size of about 7 = 0.04 s. Without any Jacobi sweeps,
the method clearly has a serious long-term stability problem. The
energy errors grows more erratic with time. Performing the Jacobi
sweep aftereach integrationstep clearly smooths out the error curve.
However, the additionalarithmeticerrors are starting to contributean
energy error as well. Performing the Jacobi sweep only periodically
after each seventh integration step was found to stabilize and appar-
ently minimize the total energy error. For this case, the errors end
up being on the average about one order of magnitude smaller than
for the other two cases. This general behavior was found to be true
for all integration step sizes and other system configurations tested.

In Fig. 6 the accuracy of the orthogonal square root eigenfactor
mass matrix parameterizationis compared to the accuracy obtained
by performing the inverse M ~! directly. For the simple 3 x 3 system,
anexactmatrix inverseformulationwas used. For a givenintegration
accuracy threshold, the brute force inverse method had one to two
orders of magnitude less accuracy. However, this was because the
accuracy threshold enforced a larger average integration step size
than for the new method. For a fairer comparison, Fig. 6 compares
the error norms relative to the average integration step size. Inte-
grating the eigenfactors provides only a small decrease in accuracy
compared to the brute force inverse method. The brute force inverse
method would be very difficult to beat for this low-order dynami-
cal system because it employs an exact matrix inverse. Taking the
inverse for larger systems is known to be computationally very dif-
ficult and will inject significant arithmetic error on every time step.
However, the integration of the eigenfactors is not expected to be
more difficult for higher-ordersystems. The major integration diffi-
culties are already presentin this low-order system, inasmuch as we

Total Energy Error AE

time [s]

Fig.7 Total energy error evolution.

have specifically addressed an example with frequent occurrence of
near-repeated eigenvalues. Therefore, it is very encouraging to see
the eigenfactor method integration error comparable to the exact
brute force solution. For higher-dimensioned systems, the eigen-
factor method is expected to provide better accuracy and stability.
Parallelization of the present algorithm is easily accomplished, and
this is conjectured to be an extremely important computational fea-
ture for high-dimensional applications. However, this has not been
numerically verified and will be studied in future work.

To numerically study the integration accuracy of the £2;; approx-
imations in Eq. (29), the € term was set to 0.15. The integration
accuracy threshold was set to 107>, Between 4 and 5 s, A, and A3
are equal within this bound. The total energy norm for up to 10 s
is shown in Fig. 7. The eigenvalues X, and A; are plotted as a com-
parison in the background with their scale labeled on the right-hand
axis. As expected, even with the Jacobi sweeps being performed
after any integration steps with €2;; approximations, there is still a
distinct jump in the total energy error when |A, — A3| < €. For the
case where the eigenvaluesactually become equal and have distinct
derivatives,a rough error estimate of €* was predicted. Even though
the eigenvalues never actually become equal in this situation, the
error is still of the order of €. The system was also found to be sta-
ble for repeated cases of close eigenvalues, even with this crude €
threshold. When no Jacobi sweeps were done and the €2;; were only
approximatedas a constant, as proposed in Ref. 1, then the solution
was foundto be unstablefor the case of repeatedly closeeigenvalues.

Note that the € used in Fig. 7 is much larger than would be nor-
mally used with this eigenfactor method. With double precision ac-
curacy, the difference between two eigenvalues can become much
smaller before any numerical difficulties occur. Because the linear
approximation of €;; usually results in errors of the order of €,
choosing € to be about 1e~> would suffice for most applications.

VII. Conclusion

An improved orthogonal square root eigenfactor parameteriza-
tion of a symmetric, positive definite mass matrix has been pre-
sented. A key feature of the proposed integration process is the use
of the Jacobi method to stabilize the solution for the eigenfactors.
Repeated eigenvalues, repeated eigenvalue derivatives, and discon-
tinuous eigenvectors can be handled by this improved method as
illustrated by an example. This method lends itself very well to a
massively parallel computer implementation.
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